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Abstract 
Generalized quadratic response surface models are used to describe seed 
germination at diurnally alternating cold and warm incubation temperatures 
for three Great Basin exotic plant species. The method of the F-statistic 
SSdrop is applied to determine whether the response surface models are 
equal. Two proposed distance measures are used as modified multiple 
comparison techniques for determining differences between surfaces. These 
measures prove useful in distinguishing between the species showing the 
highest germination response and the one showing the lowest response to 
the incubation temperature ranges studied. 
1. Introduction and Literature Review 
Many phenomena in the biological sciences which show growth, 
stabilization, and reduction are best represented by equations which 
describe these characteristic growth patterns. Seed germination as a 
function of incubation temperature is such a phenomenon. The generalized 
quadratic response surface model describes the typical emergence of plant 
seeds subjected to alternating day and night incubation temperatures 
(Evans et ale 1982). There are ranges of temperatures where optimal 
emergence occurs. Above and below these optimal temperature ranges, 
emergence is inhibited. Different plant species have differing optimal 
incubation temperature ranges. A quadratic equation can be used to show 
this relationship of emergence inhibition at temperatures that are either 
too low or too high to support emergence while providing an approximation 
of the relation between emergence and temperature in the optimal range for 
a particular plant species. 
While a quadratic form of equation is useful for describing the 
relationship between seedling emergence and incubation temperatures for a 
particular plant species, researchers are often interested in comparing 
the performance of one plant species to that of another. A question to 
consider in revegetation experiments after wildfires is which plant 
species are best suited to emerging and surviving in these altered 
conditions (Evans and Young 1984). Many mining companies are having to 
obey government mandates to return areas destroyed by their activities to 
a condition that is as close to their original condition as possible. The 
need to compare the response of one plant species to those of others in 
determining which ones are best suited for revegetation helps ensure the 
best chance of successful reestablishment. 
Statisticians and scientists who apply statistical techniques have been 
concerned about the proper tests to use when comparisons between 
treatments with quantitative factor levels are of interest to the 
experimenter. The most common use of multiple comparison procedures is to 
make all pairwise comparisons of treatment means for qualitative factor 
levels such as plant varieties (or cultivars), locations, types of 
fertilizers used, etc. (Chew 1976). Their purpose is to detect possible 
groups or groupings among a set of unstructured treatments (Petersen 
1977). These techniques are not only inappropriately applied to 
experiments where quantitative levels of factors are involved and 
regressions have been conducted, but the information supplied by standard 
multiple comparison techniques does not address the same questions that 
are being asked in the regression context. When comparing the emergence 
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32 Kansas State University 
(or germination) response of one plant species to others, an experimenter 
may want to know if the different plant species respond in a similar 
fashion to temperature fluctuations in the environment, not whether the 
mean germination response from one plant species equals that of another 
over applied treatments. A reasonable question to ask is whether the 
functional responses of germination between species are similar for 
varying levels of day and night temperature ranges. Furthermore, if it 
can be shown that different plant species do have differing germination 
responses to incubation temperatures, another question is which plant 
species have similar responses and which do not. A general linear test 
approach for determining the equality of two or more response surfaces 
using the partial F-test already exists (Neter and Wasserman 1974). While 
there is extensive literature on comparing intercepts and slopes for 
simple linear regressions, the procedure becomes more difficult as the 
number of comparisons increases or when testing multiple regressions 
(Neter and Wasserman 1990). The same problems exist as those inherent in 
the use of multiple t-tests when the partial F-test technique is used to 
make all pairwise comparisons. After extensive literature reviews, no 
information was found that tackled the particular problem of multiple 
comparisons between regression equations. Assuming that the partial 
F-test has been performed and the null hypothesis of no differences 
between the surfaces is rejected, we know that at least one surface is 
different from the rest. There is no underlying distribution which 
provides information on how far apart two surfaces have to be in order to 
be declared significantly different. We propose the use of two distance 
measures for comparing different plant species' emergence responses to 
incubation temperature when a multiple regression approach is taken. 
It is proposed that the only statistically significant difference that can 
be obtained between the surfaces tested is the one between the pair of 
surfaces showing the largest values of the proposed indices. These 
indices can be used to distinguish two different concepts of distance 
between the plant species tested. One proposed measure (or index) gives 
information on how similar two plant species' emergence responses are for 
the incubation temperature ranges studied. This index assumes that the 
initial emergence for the two species is the same. The other index 
provides information that includes the initial and subsequent emergence 
response differences between the two plant species being compared. 
2. Methods of Data Analysis 
Generalized quadratic response surface models are used to describe 
emergence at alternating cold and warm incubation temperatures for three 
introduced Great Basin plant species. The general quadratic form of the 









estimated percent emergence, 
intercept, 
partial regression coefficients for the 
variables X and Y, 
cold (night) temperature varied between 0 and 
40°C and, 
warm (day) temperature varied between X and 40°C. 
separate 2m order models are fit to each of the 3 plant species. This is 
followed by fitting another 2m order model combining the data for all 3 
plant species. A partial F-test, hereinafter referred to as the sSdrop 
statistic or SSd~ test, is then performed. If it is determined that there 
are differences between the 3 plant species response surfaces, we proceed 
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to calculate our distance measures (indices), which are then used in a 
modified multiple comparison procedure. 
Distance Using Cosine 
Rewriting the general quadratic response surface model into the form of a 
hyperplane in R6 yields the general equation: 
~1*X + P2*Y + ~3*X2 + ~4*y2 + ~5*X*Y - Z = -~o 
The ~ coefficient vector for the general equation (written in transpose) 
is: [~lf ~2' ~3' ~4' ~5f -1). The first index that we propose is a measure 
of the angle between the coefficient vectors in R6 for the two response 
surfaces. It is defined as: 
A = 1 - Icos e I ' 0 ~ A ~ 1, 
where cos e ( ~(i) [ BO») 0 ~ e ~ 11:, 
I ~(i~ r ~Gl 
and ~w is the vector of coefficients that defines a hyperplane in R6 for 
plant species n from its corresponding quadratic response surface. 
(~ru,~w~ is th~ standard inner product of the coefficient vectors ~ru and ~w, 
and I ~(Ii is V (~(I), ~G») • This measure treats each term in the quadratic 
regression model, except for the intercept, as a distinct variable. 
Hence, it transposes a three dimensional polynomial regression equation 
into a hyperplane in R6. 
This index uses the standard mathematical concept of orthogonality to 
provide a measure of the orientation between two surfaces being tested. 
This is analogous to measuring the similarity of the plant species' rates 
of emergence to the temperature variables, without taking into account the 
effect of their intercepts. Two species may have the same rates of 
emergence response to temperature but be displaced from one another by a 
fixed amount of germination over the entire temperature range. By not 
using the information from the intercepts, this measure does not take into 
account this possible emergence/germination displacement between the 
plants. 
Distance Using ~- Norm 
The second index we propose does measure the amount of displacement in 
germination between two plant species over the entire temperature range of 
testing. Let f(i), fO) be the i th and jth quadratic response surface, 
respectively. This index is D(f(i),f G»), where D is the L2 norm of f(i)-f 0). 
It is defined here as: 
[ 
40 40 
D (f U ), f(J)) = J J 
o x 




The integral is calculated over the range of cold and warm temperatures 
used in the study and is standardized over these temperature ranges. The 
index D measures departure, specifically the shifting between two surfaces 
on the axis of the dependent variable, seedling emergence. Unlike the 
index A, the measure D yields no information as to the similarity in 
overall emergence rates between the response surfaces of two plant 
species. 
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Advantages of Distance Measures 
Use of these indices involves no additional hypothesis testing, other than 
the SSdrop statistic. If the SSdrop statistic is not significant, one 
concludes that there are no statistical differences between any of the 
response surfaces tested. If a significant SSdrop statistic is obtained, 
one concludes that at least one of the surfaces is different from the 
rest. The proposed indices for each pair of surfaces are calculated, then 
ranked from highest to lowest, so that it is possible to obtain two 
different rankings (one for each index). We then take the most 
conservative approach by declaring the only significant difference to be 
between the pair of surfaces with the largest value of the proposed index. 
The use of these measures as modified multiple comparison tests allows a 
researcher to avoid some problems associated with standard ANOVA multiple 
comparison testing procedures. The probability of increased Type I errors 
as the number of surfaces being compared is increased is no longer a 
problem since no statistical significance is being associated with any of 
the surface pairs except for the two extremes (as measured by the 
indices). The error rate is based upon the error level of the SSdrop test 
that was first conducted, which is an experimentwise error rate. The rest 
of the surfaces can be visualized in relation to the two extremes, but no 
statistical significance can be attributed to their relationship with the 
extremes. The plant species pair with the largest value of the index A is 
determined to have significantly different emergence response rates to 
incubation temperature. Similarly, the plant species pair with the 
largest D index value is determined to have a significantly different 
amount of overall germination. 
Three exotic Great Basin herbaceous plant species that dominate the 
secondary successional flora of the big sagebrush (Artemisia tridentata 
Nutt.) ecosystem were chosen for the study. Barbwire Russian thistle 
(Salsola paulsenii Lit.), alternately referred to as thistle, is an 
introduced weed found on the margins of salt deserts (Young and Evans 
1979). Tumble mustard (Sisymbrium altissimum L.), alternately referred to 
as mustard, is a broadleaf weed that replaces Russian thistle in a seral 
continuum. Common mullein (Verbascum thapsus L.), alternately referred to 
as mullein, is a rural weed in the big sagebrush zone common to roadsides 
and industrial areas (Semenza et ale 1978). These three plant species 
were chosen because two of them, thistle and mustard, have similar 
emergence responses to temperature (Palmquist et a1. 1987), while the 
third, mullein, has differing emergence responses from the other two 
(Evans et ale 1982). We wanted to test the proposed distance measures to 
see if they could demonstrate the same relationships among the three 
species that we knew existed before the experiment. 
3. Results and Discussion 
Individual Response Surfaces 
The quadratic response surface e~ations for estimated percent emergence, 
along with their corresponding R values, for the three species are: 
barbwire Russian thistle: R2 = 0.58; 
Z = 72.31 - 0.84*X + 2.65*Y - 0.07*X2 - 0.09*y2 + 0.09*X*Y 
common mullein: R2 = 0.86; 
Z = 2.64 + 2.82*X - 2.89*Y - 0.02*X2 + 0.13*y2 - 0.06*X*Y 
tumble mustard: R2 = 0.63; 
Z = 31.64 + 1.94*X + 4.16*Y - 0.07*X2 - 0.07*y2 - O.Ol*X*Y 
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Restraints on the above equations were fitted for emergence at 0 to 100%. 
Emergence, or germination, is classified by the use of distinct seedbed 
temperature categories based on ongoing microenvironmental monitoring 
research in the field (Evans et al. 1970; Evans and Young 1970; Evans and 
Young 1972). Using this classification system (fig. 1a), a plant species 
can be characterized as being either a cold temperature germinator, a 
moderate temperature germinator, a warm temperature germinator, or a 
fluctuating temperature germinator, based on which specific seedbed 
temperature area supports optimum emergence. Barbwire Russian thistle is 
classified as a high germinator at cold and moderate temperatures with 
good overall emergence in the other temperature ranges (fig. 1b). Common 
mullein is an extremely high percentage germinator at the warmest end of 
the fluctuating and warm temperature ranges and shows very low germination 
at the colder temperatures (fig. 1c). Tumble mustard is a high percentage 
germinator in the moderate and fluctuating temperature categories, falling 
off somewhat in the colder temperature ranges (fig. 1d). 
Response Surface Comparisons 
The general linear test for the equality of the three response surfaces 
yields the result that there are indeed differences between them (F* • 
233.6, P s 0.01). Proceeding to calculate the values of each index for 
all pairwise combinations of the surfaces produces the results found in 
Table 1. It happens that the response surface pair of mustard and mullein 
has the largest value for both indices. As measured by index A, we 
conclude that these two plant species' emergence responses to the 
incubation temperature variables are significantly different from one 
another (p S 0.01). They also have the largest displacement between any 
two plant species' response of overall emergence, as measured by index D. 
Even though no statements of significance can be attributed to the plant 
species whose index values are not the largest, it is possible to 
visualize the relationships between these species and the ones declared 
significantly different. It appears that the overall displacement of the 
emergence responses of thistle and mustard is not very large over the 
temperature ranges studied (index D Table 1). The displacement in 
emergence responses between thistle and mullein is almost as high as that 
between mustard and mullein (Table 1). According to index D, the 
displacement between the response surfaces in R3 , thistle and mustard are 
the most similar in their overall amounts of germination over all the 
incubation temperatures used in the study. Mustard and mullein have the 
largest germination differences over the incubation temperatures, and 
hence are significantly different from one another. Thistle and mullein 
also have large differences in the amount of germination occurring over 
the incubation temperatures, which are probably not significantly 
different from that of mustard and mullein, although no significance 
statement can be attributed to this difference. 
On examining the actual angle between the hyperplanes for these species in 
R6 , we find the angle between thistle's hyperplane and mullein's hyperplane 
to be smaller than that between thistle and mustard (Table 1). But, we 
also find that thistle and mustard have positively oriented hyperplanes in 
R6, while thistle and mullein have negatively oriented hyperplanes in R6. 
Index A and information about the positive or negative orientation of the 
hyperplanes in R6 show that thistle and mustard have the closest positive 
relationship. Mustard and mullein are the most dissimilar, hence, have 
significantly different emergence response rates to incubation 
temperature. 
4. Summary and Conclusions 
The partial F-statistic, SSdrop method, is the standard method used in 
determining whether or not differences exist between two or more multiple 
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regression equations with the same functional form. When testing more 
than two equations, the results of a significant F-SSd~ test tell that at 
least one of the equations tested is different from the others. We 
propose using two distance measures as a modified multiple comparison 
technique that would show which pair of multiple regression equations in 
the study are significantly different when a significant F-statistic is 
obtained. The two measures are: 
1) D: the overall shift in the Z-axis response between two 
regression equations, and 
2) A: a measure based on the angle between the hyperplanes of the 
two regression equations in R6. 
The L2 norm metric, D, provides information about the significance of the 
displacement between two equations, while the angle measure, A, provides 
information on the similarity of the overall rate of response between two 
equations. Because we recommend that the only significantly different 
regression equations be defined as the pair with the largest values of the 
proposed indices, we avoid some of the problems associated with the 
standard multiple comparison techniques used in ANOVA designs. 
We used the proposed distance measures as a modified multiple comparison 
technique to compare between quadratic response surfaces. This enabled us 
to substantiate previously known relationships of seedling emergence to 
incubation temperature between the plant species we tested. We were able 
to further explore some of the physical differences between the shapes of 
the surfaces, such as displacement from one another and overall response 
rate similarity. 
The methodology for use of the two proposed 
limited to a quadratic form in two variables. 
between any two or more multiple regression 
general linear model form. 
distance measures is not 
It is valid for comparing 
equations with the same 
Future work remains to be done in identifying a distribution that would 
allow us to perform all pairwise response surface comparisons, instead of 
identifying just the two extreme surfaces. 
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Fig. lao General temperature categories of 












Fig. lc: Quadratic response surface 
of common mullein. 
Fig. lb. Quadratic response surface 
of Barbwire Russian thistle 
emergence, 
Fig. ld. Quadratic response surface 
of tumble mustard. 
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Table 1. Values of the indices A and D, and the angle of their 
coefficient vector hyperplanes in R6 , calculated for all 
pairwise combinations of response surfaces for the different 
plant species. 
Plant Species Pair 
Thistle - Mustard 
Thistle - Mullein 













Largest index value of all the comparisons indicating 
significant difference (p ~ 0.01) between the response 
surfaces of the corresponding plant species. 
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